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Sampled-data control systems

input Process output
Digital
H Controller ST

Digital/Networked Control Systems
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Applications of sampled-data control systems
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Challenges in sampled-data control

Processor: limited calculation power
Network: finite bandwidth = finite number of samples per time unit
Sampler: minimum responding time

How fast SHOULD we sample? < How fast CAN we sample?
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Challenges in sampled-data control

Sampler clock: jitter

Network: packet dropouts

Scheduling: interaction between algorithms
Real-time computing: microprocessor latency

= sampling is not necessarily periodic

How to ensure robustness with respect to asynchronous sampling?
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Challenges in sampled-data control

Aperiodic sampling may cause instability

X(t) = Aox(t) + Bou(t).  u(t) = Kx(t)

Ao:[; f’] Bo:[OTS], K=[-1 -8|.
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o

Periodic sampling Ty = 0.18, T, = 0.54 Aperiodic sampling Ty —» To — Tq---
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Problem under study

Continuous-time controller

u(t) = K(x(t))

where f(-), g(-) and K(-) are continuously differentiable functions on a neighborhood of the origin
x = 0 denoted D.
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Problem under study

Digital implementation under asynchronous sampling (emulation approach)

U(t):K(X(tk)), Vte [t tke1), O<tii—t< h , VkeN.

MASP

estimate of the Maximum Allowable Sampling Period (MASP).

Find stability criteria for nonlinear sampled-data control systems, which provide a computable
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Existing results

The linear time-invariant case: Realistic model?

Input delay approach (Fridman et al 2004), (Fridman 2010), (Michiels 2005)
Robust control based analysis (Mirkin 2007), (Fujioka 2009)

Impulsive modelling (Naghshtabrizi 2008)

Discrete-time approaches & convex embedding (Hetel, Daafouz et al 2007)

®© 6 6 6 ¢

Sum of squares (Seuret 2011)

The nonlinear case: Constructive?

@ Input delay approach (Mazenc et al 2013)

@ Hybrid system modelling (Nesi¢ et al 2009), (Burlion et al 2006)
@ Single/vector Lyapunov functions (Karafyllis et al 2007)

@ L, stability (Zaccarian et al 2003)
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Dissipativity-based representation

Equivalent model

Closed-loop system

X(1) = f(x(1)) + g(x(t))K(x(t))

x(1) = f(x(t) + g(x()K(x() + g(x(t))(K(x(tk ) - K(x(t))

fn(x(1)) an(x(1)) w(t)

The system can be represented by the interconnection of:

Y. {x(t fa(x(1)) + gn(x(t))w(1)
y(t) = Fex(t)

with the operator Agp, : y — w defined by:
t
wlt) = (Ban (1) = - [ y(x)de
k
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Dissipativity-based representation

W)l {;i f,’;;g);) +gn(x)w y()
= ox
Agp |«

oK

. {k(t) = fa(x(1)) + gn(x(t))w(t)
y(t) = G

t
(Bsny)(t) = - f y()dr.

Hassan Omran Nonlinear sampled-data systems 14/10/2015



Stability analysis of sampled-data systems
[e]e] e}

Properties of the operator

Lo -induced norm (Mirkin 2007):

W 5o = 2F e f wT (D)w(r)dr < 53 f v (@)y(r)dr
lyll i 0 0

Passivity (Fujioka 2009):
(Dshy,y) = fo yT(7) (Ashy)(r)dr <0.
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Properties of the operator

Boundedness property
Forally € Lo[tx, tk+1) and 0 < X* = X e R™" ;

t t
f(Ashy)*X(Ashy)dT—b‘Sfy*Xydeo, vt € [t tkt1)
t t

Passivity property
Forally € Lo[tx, tk+1) and0 < Y* =Y e R™":

t t
f (Ashy)*deT-i-f y*Y(Aspy)dr <0, Vte [tk tt1)
tic ti

<ot

t T g
55X Y
= L [{V] [ X] [{V] dr <0, Vte [t tkr1)

S(y.w)
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Main result

Theorem

Suppose there exista > 0,0 < XT =X e R™M 0< YT =Y eR™™ anda
differentiable positive definite function V : D — R, which radially unbounded,
such that

2

Z—)\:(fn(x) + ga)W) + aV(x) < ( 52 Z—f(fn(x) + g ()W)

X

oK =
HIWIE + 205 (f100) + galx)w), wyy Je~, VI € (0,1), ™)

for all x € © and w € R™. Then the equilibrium x = 0 of the sampled-data control
system is locally uniformly asymptotically stable, and the decay rate of the
function V(x(t)) is a.

(U, vim = u"Mv, |lullu = VKU, upm.
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Main result

Main idea:

Local Lipschitz continuity of the vector field

+
Equation (1)
il
V(x(1) +aV(x(t) < e IS(y(t), w(t)), Vi € [ti, b)), )
Then, using the properties of Agp we show that
V(x(1)) < e V(x(tp)), Vizto, Vxo € Lo, 3)

where L+ is the maximal sub-level set of V contained in D.
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Case study 1: polytopic systems

Consider the problem for the following case
x(t) = Alx(0)x(t) + B(x(D)u(t),  u(t) = Fx(t)

where A(-) € R™", B(-) e R™™ are continuously differentiable functions

[A(x),B(x)] € conV{[A1,B1],[A2,Bz],---,[Ap, Bpl.}, ¥xeD,
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Case study 1: polytopic systems

Corolla

Suppose there exist symmetric positive definite matrices X, Y € R™™ P € R™" matrices P»,
P3 € R™" and a scalar a > 0 such that the following LMIs are feasible

aP + (Ai+ BiF)"P2 + P} (Ai+ BiF) P —P2" + (A + BiF)"Ps P"B;
* —P3 — P] +52e"FTXF P3TBi—e*"FTY| <0,
* * —ehlx
Vie{1,2,---,p}, Vle{0,1}. (4)

Then the equilibrium x = 0 of the sampled-data control system is locally asymptotically stable. An
estimate of the domain of attraction is

e :={xeR":x"Px<c*), ¢ = maxc. (5)
EccD
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Case study 1: polytopic systems

Example:

(2):(1 +8'1X2 0.1si1n(x1))(:;)+(?)“’ F=[-6 -4].

h =0.389 and o = 0.01
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Case study 2: polynomial systems

Consider the problem for the case where f(-), g(-) and K(-) polynomials. | this case the nominal
system is also polynomial:

x=F(x,w),
7 {y = G(x,w).

Verification of p(&) > 0 is a difficult problem! — simpilification using SOS

A multivariate polynomial p(¢) € R[€] is said to be a sum of squares (SOS) (Papachristodoulou 2005)
if there exist pi(¢) € R[¢], i € {1,..., M)}, such that p(¢) = Z;‘L p;’-(f).
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Case study 2: polynomial systems

Corolla

Suppose that there exist a polynomial function V(x) € R[x] of degree 2d, 0 < XT = X e R™M,
0< YT =Y eR™M and a > 0 such that the following polynomials are SOS

V(x) = V(%) - p(x),
p1() = _‘;—‘; Flx,w) - aV(x) + | - (;F)ZGT(X, W)XG(x, W) + 2GT (x, w) Yw + wTXw],

p2(&) = —‘;—‘; F(x,w) = aV(x)+| - (;F)ZGT(X, W)XG(x,w) +2G" (x, w) Yw + waW]e-“F

with ¢ = (x,w) and ¢(x) a positive definite polynomial. Then, the equilibrium x = 0 of the
sampled-data system is globally uniformly asymptotically stable.
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dy 2: polynomial systems

Example:
Consider the example from (Nesi¢ et al 2009)

x=dx®-x%+u, u=K(x)=-2x, withl|d <1.

[ Corollary T (Nesic etal 2009) | (Karalyllis et al 2007) |
h | o072 | 0.368 | 0.1428 |

Trade-off between the decay rate a and the MASP:
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dy 2: polynomial systems

Example:

State evolution for the sampled-data system:

himaz = 0.72
4 i i i i

0 1 2 3 4 5
time (sec)
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Summary

@ Address a quite general class of systems thanks to exponential dissipativity.

@ Sufficient conditions for the stability of nonlinear sampled-data systems, which are
affine in the control.

@ The results are numerically tractable for the cases of polytopic and polynomial
systems .

@ Perspectives: include other network-imposed imperfections, decrease the
conservatism, consider controlled sampling.
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