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System Identiﬁcation'

sc4110

X. Bombois

P.M.J. Van den Hof

Material:

e Lecture notes sc4110 - January 2006

available through: Blackboard or Nextprint

Lecture hours: (see schedule for details)

e Monday (15:45-17:30) in Room D (3Me)
e Thursday (15:45-17:30) in Room D (3Me)

Friday (13:45-15:30) in Room A (API)
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System identification is about modeling

System Identification: Part T

Part I: Introduction to system identification.

o

System Identification: Part I
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Notion of model common in many branches of science

Within (systems and control) engineering;:
models of dynamical systems for the purpose of

e system (re)design
e control design

e prediction

e simulation

e diagnosis / fault detection

-

System Identification: Part I



System identification is about data-based modeling

data-based modeling 77?7

o

System Identification: Part I

ﬁ-low to proceed?

e Excite the system by applying the following sequence for the
voltage u(t) during 20 seconds

[T
L

gl

applied u(t)

e Measure the induced rotational speed y(t)

g

measured y(t)

N\

System Identification: Part I
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Data-based modeling of the DCSC DC motor

- : fuD (applied) motor (measured)
pap Iee d i — rotational speed
: - voltage [V] ™ ynamics e,

Determine a model of the dynamical relation existing between
the voltage u(t) driving the motor and the angular speed y(t)
of the rotor

o J

System Identification: Part I

e Given a candidate model (i.e. a transfer function), we can use
the available data to compute the signal ¢(t) featuring the
modeling error

?

motor

> t
dynamics yo

u(t)

e determine that model minimizing the power of ¢(t) (often a
filtered £(t); see later)

J

System Identification: Part I
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Identification result: a discrete-time transfer function (4t

Frequency response of the identified model

10°

Frequency

Magnitude (abs)

response

Frequency (rad/sec)

o

order)

~
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Why is data-based modeling useful ?

When thinking of modeling, we indeed generally think of
first-principle modeling and not data-based modeling

first-principle modeling = modeling using the laws of physics
(Newton, mass conservation.. )

However, data-based modeling is often as important as
first-principle modeling

N\
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Measured y(t) (blue) 5“ | M A
|

vs. €(t) (red) \y‘ | \/

€(t) contains not only the model inaccuracy, but also the noise
acting on the system

o J

System Identification: Part I

/Example 1: control of the pick-up mechanism of a CD-player \

pick up mechanism: position the reading tool (laser) on the
right track of the CD using a mechanical arm

Arm is driven by the current i(t) of a motor

thical sensor to measure the laser position 6(t) J

System Identification: Part I
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bandwidth =~ 1000 H z)

Dynamical system ity —»

it) ositionin:
Belt) —»-(—» controller > quchanis?n

Y

positioning
mechanism

——»  0(t)

» 6

N

— model is needed

Objective: design a fast and precise position controller (required

System Identification: Part I

Data-based modeling

following model identified

An identification experiment was then performed and the

/ double integrator

flexibility modes
(actuator dynamics)

N

103

For a bandwidth of =~ 1000 H z, the mechanical modes can no
Qnger be neglected and should be tackled by the controller j

System Identification: Part I

s

First-principle modeling
The model is designed based on the Newton law

Since the current induces a force, the relation between the
current and the position is modeled by a double integrator

The controller designed with this physical model could not
achieve the desired bandwidth without thrilling

o

System Identification: Part I

-

These flexible modes are quasi impossible to model with
physical laws

Identified model —> new controller design

Since all significant dynamics were now tackled, the controller
based on the identified model showed satisfactory behaviour

-

J

System Identification: Part I
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Example 2: fatigue load reduction for new generation of wind

turbines J.w. wingerden et al., Wind Energy, Witey, 2008

blade

The blades of a wind turbine are subject to high vibration loads

due to wind gust, periodic rotations, ...

o

~

J

System Identification: Part I

/

For control design, we need a model of the dynamics between
the pitch and flap actuators and the strain in the blade:

wind
pitch actuator
system [——» strain
flap actuator >

o

~

System Identification: Part I
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/To enhance the life duration of wind turbines, these vibrations\
must be regulated

Two control loops to reduce the strain in the blade:
e pitch control: optimal orientation of the blades

e flap control: optimal orientation of flaps added to the blade
structure

blade

flap

System Identification: Part I

First-principle modeling

Model based on aerodynamic and mechanical laws
linear model (order = 28)

many physical parameters to determine —> high uncertainty

From Piteh Actuator [des] From Smart actuator 1&2 [V]

Sirainsnsor Amplide V]

St sesor Phse g

With this model, impossible to deduce a controller stabilizing

System Identification: Part I

N J

kthe real-life system j

18
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Data-based modeling

We excite both inputs up to 100H z (important band for
control) and measure the corresponding strain

Based on these data, the following model is identified

From Pitch Actuator [deg] From S tuator 1&2 [V]

Strain sensor Amplitude [V]

100 1P 3P 102 100 1 3P 102

4
©

Strain sensor Phase [deg|

10! 102 100 10! 102
Frequency [Hz) Frequency [Hz]

N

System Identification: Part I

Gxample 3: Signal equalization in mobile telephony

mobile phone receiving
a signal y(t)

B/

Antenna emitting ground
a signal u(t)

The received signal y(t) is made up of several delayed versions
of the emitted signal u(t) + noise

y(t) = g1 u(t — n1) + g2 u(t — nz) + ... + noise

\ — distorted signal

System Identification: Part T
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23

Important differences between the two models

Behaviour in low frequencies (the physical model did not take
into account the strain sensor dynamics)

Extra resonance between 10 Hz and 100 Hz due to other
vibration modes (unmodeled in the first-principle approach)

The identified model is simpler (order = 10) and less uncertain®

control design based on the identified model leads to a
satisfactory reduction of the strain in the blade

aparameters of first-principle model have in fact been tuned with the identified
model

o J

System Identification: Part I

A model of the so-called channel is required to reconstruct w(t)
from the distorted y(t)

This model can not be determined in advance since the position
of the mobile phone is mobile (by definition)

The model is identified at each received call

- /

System Identification: Part I

4 )

4 )
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How to proceed?

When emitting u(t), the signal of interest w;pterest(t) is
preceded by a known sequence Uk own (t)

known sequence signal of interest

200 200 600 500 1000 1200

4 N

System Identification: Part I

4 )

Since Upnown IS @ known sequence, the GSM software uses the
data Ugnown ANd Ygnown to identify a model of the channel

This model can be then used to determine an appropriate filter
to reconstruct Uinterest (t) from Y;pierest(t)

N /

System Identification: Part I
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4 )

Both the known sequence and the signal of interest are
distorted by the channel

¥
o

known sequence signal of interest
distorted by channel distorted by channel

2
o 200 200 00 800 1000 1200 1400
time

Denote by Yknown (t) and yYinterest(t) the received signals
corresponding to Ugpown (t) and Uinierest(t), respectively

o J

System Identification: Part I

Summary: First-principle vs. Data-based modeling”

the two methodologies are often combined to increase
confidence in the model

General disadvantages of first-principle modeling

e model contains many unknown (physical) parameters —>
high uncertainty (not quantifiable)

e model generally more complicate than with system
identification

e missing actuator/sensor dynamics and phenomena can be
forgotten

e sometimes impossible to determine (as in example 3, but also
in the process industry)

!no disturbance model J

System Identification: Part I
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System Identification: the players

+
<

to-be-identified system u
— Go >

u(t) is the (discrete-time) input which can be freely chosen

y(t) is the (discrete-time) output which can be measured and is
made up of

e a contribution due to u(t) i.e. Gou(t)

e a contribution independent of u(t) i.e. the disturbance v(t)

N /

System Identification: Part I

@ystem identification procedure \

prior knowledge /
intended model application

Y

Experiment
design

v ]

Identification
Criterion

Data Model Set

Construct model

; NOT OK
intended | Validate o

model application Model

v

N - J

System Identification: Part I
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~

the signal v (%) is an unknown disturbance (noise, process
disturbance, effects of non-measured inputs, ..)

It can be best modeled via a (zero-mean) stochastic process.
Indeed, v(t) will never be the same if you repeat the experiment

The challenging nature of system identification is due to the
presence of v(t)

If v(t) = 0, it is just an algebraic game to find the relation
between u(t) and y(t)

As result, an identification experiment (generally) delivers both

\

System Identification: Part I

model of the transfer Gy and of the disturbance v(t) j

4 )

Identification Criterion

Measure the “distance” between a data set (u,y);=1,...~ and a
particular model.

In this course, we will consider two criteria

e Prediction Error Identification (PEI) delivering a
discrete-time transfer function as model of G

e Empirical Transfer Function Estimate (ETFE) delivering an
estimate of the frequency response of Gy

- /

System Identification: Part I
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4 N

Why those?

e PEI is the most used method in practice and the one
delivering the most tools to validate a model

e ETFE is used to have a first idea of the system and facilitate
the use of PEI

Other criteria: subspace identification, IV methods, ML
methods, ...

N /

System Identification: Part I

Experiment Design

e Choice of the type of excitation
e sum of sinusoids (multisine)

e realization of (filtered) white noise or alike

e Which frequency content?

e Which duration?

Experiment design is very important since it has a direct

\ influence on the quality of the model

/

System Identification: Part I

33

Model set

Complexity of models (order, number of parameters) to be
determined

o

/

System Identification: Part I

-

Model validation

e Comparing the actual output of the system with the output
predicted by the model

e Determining the uncertainty of the system e.g. in the
frequency domain

amplitude

phase
~200|

o 5

~

System Identification: Part I
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Gystem identification for (robust) control

amplitude

o
phase
)
o
0 w 3
frequency

Data — Model

Identification .

‘ Feedback control system '

ldisturbance

reference
Model — Controller |input +

output

controller

o

System Identification: Part I

-

Notions from estimation theory

Estimator O of 6, based on IN data points.
a. Unbiased (zuiver): Ebn = 6,
b. Consistent. éN is consistent if:
o Prilimy_ooOn =00 =1
e On — 6o with probability 1 voor N — oo.

c. Variance: cov(n) = E(On — EON)(On — EON)T.

N\

System Identification: Part T
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History
e Basic principle (LS) from Gauss (1809)

e Development based on theories of
- stochastic processes
- statistics

e Strong growth in sixties and seventies
Astrém en Bohlin (1965), Astrém en Eykhoff (1971)

e Brought to technological tools in nineties

as well as to professional industrial control packages
(Aspen, SMOC-PRO, IPCOS, Tai-Ji Control, AdaptX, ...).

o

(Matlab Toolboxes for either time-domain of frequency domain),

System Identification: Part I

Bull’s eye represents 0g;

left: unbiased estimate with small variance

middle: biased estimate with small variance
right: unbiased estimate with large variance

-

System Identification: Part I
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Part 1l1: RECAP on discrete-time systems and signals.

N

System Identification: part IT

/2. Discrete-time systems.

Continuous-time vs. Discrete-time systems

u ZOH | Uecont | Continuous | Yeont | Sampling y
system “l Ts |

The continuous output yeont(t:) (tc € R) of the system is
sampled with sampled time T

This sampling delivers the discrete measurements y(t) where

\t: 0,1,2,... i.e. Y(t) = Yeont(tTs)

/

System Identification: part IT

/1. Introduction ' \

Why are discrete-time systems and signals important in system
identification?

In system identification, we deal with measured signals —>
discrete-time signals

the models/systems can be represented by discrete-time transfer

kfunctions j

System Identification: part IT

4 )

u ZOH | Ueont |Continuous | Yeont | Sampling y
T, | system T

The system is excited via the discrete sequence u(t)
t=0,1,2,... generated by a PC

This discrete signal is made continuous by the Zero Order Hold
(ZOH):

Ucont(te) = u(t) for tTs < t. < (t 4 1)Ts

- /

System Identification: part IT
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llustration: Upper plot: the discrete sequence u(t)

Bottom plot: the continuous signal u.,,; made by the ZOH

10 (red) compared with the discrete sequence u(t) (blue)
s+10

Continuous system: Go(s) =

1

0.8 —

Sampling time: T; = 0.04 s. ool ]

o e ) e o 1 s . 0.0 e T A

samples
0 foro<t<2 il |
u(t) =< 0.8 for3<t<17 1
0.5 for 18 <t < 40 il | | | | | | | ]
.2 0.4 0.6 limoés(s) 1 1.2 1.4 1.6

N / o J

System Identification: part IT 5 System Identification: part IT

Kl'he continuous signal ucont is then filtered by Go(s) delivering\ / \

the continuous signal y.ont (upper plot, red). This continuous

signal is then sampled with a sample period T; = 0.04s. (upper Discrete-time transfer function

plot, blue circle). This delivers the discrete sequence y(t) of 41
samples (¢t = 0...40) (bottom plot)
Does it exist a transfer function relation between y(t) and w(t)?

1

0.8

0.6

0.4

0.2

u ZOH Ucont Continuous Yecont | Sampling y

% oz o o5 o8 T 12 Ta 1.6 Ts system Ts
time (s)

1 L> Go(2)

3 g

o 5 10 40

samples J \ J

System Identification: part IT 7 System Identification: part II




u ZOH Ucont Continuous Yecont | Sampling y
Ts ™ system > Ts

L> Go(2)

—+ oo

>yt

Y(Z) t=—o0
GO(Z)é > =~ Yoo

Z u(t)z™*

t=—o0

Go(z) can be computed from Go(s) with the function c¢2d.m of

Q/Iatlab (ZOH methodology) /

System Identification: part I1

[ eroor )

Suppose u(t) is a discrete step, then ucont(tc) is a continuous step.
The step response of Go(s) is, for t. > 0,

Ycont (tc) =1- e—atc

The sampled signal y(t) is given by ycont(tc) at samples t. = tT; i.e.,
fort > 0,

y(t) 2 Yeont(tTs) = 1 — e *7Te

= 1-b

Y(2) _ 1= T i _ (1—b)z!
U(z) 1 T 1—bz1

1—2z—1

Go(z) =

N /

System Identification: part IT

4 )

Example:

When Go(s) = ;1 and T; = 0.04s., the discrete-time transfer

function between y(t) and u(t) is

1-bz"t |
GO(Z) = % with b = e—2Ts
Thus:
0.33z71
G = — G -
o(8) =TT 10 o(2) = T a7t

System Identification: part IT

Properties of discrete-time transfer function

Go(z) ——

With some abuse, we will write

y(t) = Go(2)u(t)

System Identification: part II

o J

10

- /
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y(t) = Go(z)u(t)
can be seen as a difference equation since:

2 lu(t) 2 u(t —1)

Example:

—1

y(t) = %u(t) <~ y(t) —ay(t —1) = bu(t — 1)

this allows to compute the sequence y(t) as a function of the

Qaquence u(t)

System Identification: part IT

/Impulse response of Go(z)
Assume Gy (z) is causal

The impulse response go(t) t = 0.. + oo is the response
y(t) = Go(z)u(t) when u(t) is a discrete pulse J(t) i.e.
u(t) = 1 when t = 0 and u(t) = 0 elsewhere

This response allows to rewrite Go(z) as follows:

oo

Go(z) = ) go(k)z™*

k=0

-

System Identification: part IT

/Remark:

pure delays can be easily represented within Go(2)

For continuous transfer function, a pure delay of a = 3T
seconds (3 integer) is a non-rational part:

s 10
s+ 10

The corresponding rational discrete transfer function is:

—1
_s 0.33z

L—B_U99%
k 1—0.67z"1

System Identification: part IT

-

Indeed:

y(t) = Go(2)6(t) = 3 go(k)3(t — k) = go(t)

k=0

The impulse sequence go(t) can be deduced
e by solving the difference equation for u(t) = d(¢t)

e by dividing the numerator of G((z) by its denominator

-

J

System Identification: part IT
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Stability of Go(z)

a transfer function is stable <= the poles of G((z) are all
located within the unit circle

Example:

bz—1

1 - stable < |a| < 1
—az~

Indeed, z = a is the unique pole of 1 — az™!

N /

System Identification: part IT

/General interpretation: \

Y(w) = Go(e'*)U (w)

with Y (w), U(w) the Fourier transform of y(t),
u(t) (t = —oo... + 00)

One particular consequence:

u(t) = sin(wot) —

y(t) = Go(2)u(t) = |Go(e?*°)| sin (wot + LGo(e?*?))

System Identification: part IT

s

Frequency response of Gy(z)

the frequency response of Gy(z) is given by the transfer
function evaluated at z = e7“ i.e. on the unit-circle:

Go(z = €7*)
Only the frequency response between [0 7] is relevant.
Discrete frequency w € [0 w] = actual frequency

Nyquist pulsation)

o

Wactual = % (wactuar lies within the interval between 0 and the

/

System Identification: part IT

-

Frequency response representation: bode plot

Bode Diagram

10

Magnitude (d8)

Phase (deg)
T
L

-540 |- B

—720 & L L J

Frequency (rad/sec)

-

107 107 10” 10"

~

System Identification: part IT
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Remarks
1. Choice of T
The sampling period T is an important variable

It should be chosen so that [0 Z-] covers the band of
significance of the continuous-time system

See end of the course for methodologies to choose T

N

System Identification: part IT

21

/

2. Non-linearities

We adopt a linear framework to define the relation between u
and y

We thus analyze the behaviour around one particular set-point

If the system is used at multiple set-points, a model must be
identified for each of them (and coupled with a scheduling
function)

o

System Identification: part IT
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3 Discrete-time signal analysis.

Signals encountered in system identification

Input u(t):

multisine

(filtered)
white noise

N /

System Identification: part IT

4 N

Observations

finite-power signals = analysis via their power spectrum ®(w)
(i.e. distribution of power content over the frequency w)

signal y(t) can be made up of a combination of stochastic and
deterministic signal (e.g. when u(t) is a multisine)

—> make it complicate to define ®(w)

A new theory is necessary to deal with such signals called
quasi-stationary signals (see later)

\_ /

System Identification: part IT

23

25

4 )

Disturbance v(t):

stochastic
signal

y(t) = Go(2)u(t) + v(t)

Output y(t):

o J

System Identification: part IT

Recap: Stochastic vs. Deterministic signals

the values taken by a stationary stochastic signal at different ¢
are different at each experiment/realization

BUT, each realization has the same power content over w (i.e.
the same ®(w))

-

N T

It T A1 R A

three real- ) -y M A by n ) /\A/MA
izations \/ W V\/ ! \/\/V\f \/W V\/ U\/ !
M AAWA NI w A

v \/ V\/U VVV \/\/\/\/ VV\]\/

~

System Identification: part IT
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Stationarity also implies that the mean of the signal and the
auto-correlation function is time-invariant

the values taken by a deterministic signal at different ¢ and thus
®(w) are the same for all experiments/realizations

In identification, the deterministic signals are the multisines

N /

System Identification: part IT

ﬁ/lean Eu(t) of a quasi-stationary signal u(t) \

1 N
Mean of a deterministic signal u(t): Nlim N E u(t)
— 00
t=1

Mean of a stochastic signal u(t): Eu(t)

— New operator E
A 1 Y
Eu(t) = 1\}1_r)rcl>o ~ ; Eu(t)

for purely stochastic or deterministic signal, the new operator is

@uivalent to the classical mean operator J

System Identification: part IT

27

29

4 )

Analysis of quasi-stationary signals
A quasi-stationary signal is a finite-power signal which can be

e a stochastic signal (stationary)
e a deterministic signal

e the summation of a stochastic and a deterministic signal

Analysis very close to the one of stationary stochastic signals
(see WB2310 S&R3)

o J

System Identification: part IT
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Power spectrum @, (w) of a quasi-stationary signal

The power spectrum of u(t) is defined as the Fourier Transform
of the auto-correlation function of u(t):

A =2 ;
P, (w) = Z R, (1) e 7«7

— OO
with

R,(7) £ E (u(t) u(t — 7))

- /

System Identification: part IT
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Total power P, 2 Eu?(t) of u(t):

™

Pu=Ru(0) = | #uw)d

—T

Example 1: ®,(w) and P,, when u(t) is a white noise of
variance o2?

1N
lim — Z E (u(t)u(t — 7))

Ru(T) - N — oo N

= E (u(t)u(t — 7)) Dby stationarity

2
A Tu

0 whent#0

when 7 =0

N

System Identification: part I1

-

Example 2: ®,(w) and P,, when u(t) = Asin(wot + ¢)

Ryu(t) = E(u(t)u(t—r))
= E (A? sin(wot + ¢) sin(wot — woT + ¢))
_ (A2 A2
= FE (?cos(wm’) - ?Ocos(2w0t — woT + 2¢)

-

)

/

System Identification: part IT
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33

—+oo
®,(w) = Z R, (T)e 9“7 = g2 7940 = o2 Vw

T=—00

b Py(w)

and P, = R,(0) = o2

o

/

System Identification: part II

1 N 2 A2
lim — Z (7cos(w07) — ?Ocos(2w0t — woT + 2¢)

since Es(t) = s(t) for a deterministic signal.

A2
= R,(T) = ?cos(wo’r)

and thus, in the fundamental frequency range [— =],

A3r

d,(w) = 5

(0(w — wp) + 6(w + wo))

and P, = R, (0) = %2.

)

~

System Identification: part IT
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A?%m

2

P, (w) = (0(w — wp) 4+ 6(w 4+ wo))

The power spectrum of the sinus is independent of its phase
shift ¢ and is = to 0 except in wg where it is infinite.

A cDu(O.))

N /

System Identification: part IT
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Cross- and auto-correlation function

The cross-correlation R, (7) between y and u is a function
which allows to verify whether two g-s signals y(¢) and u(t) are
correlated with each other

Ryu(7) £ E (y()u(t — 7))

Properties:

e the value of y(t) at time t is not (cor)related in any way to
the value of u(t — 7) = Ry,(7) =0

e the signals y(t) and u(t) are independent —>
Ry, (T) =0VT

NB. R, (7) = Ryu(7)

N /

System Identification: part IT
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Properties of the power spectrum

y(t) = G(2)u(t) = Py (w) = [G(’*)|* Bu(w)

y(t) = s1(t) + s2(t) with s;(t) independent of s, (t)

= y(w) = @5, (W) + s, (w)

o J

System Identification: part IT
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Approximations of R, (7) and ®,(w) using finite data

To exactly compute R, (7) and ®,(w), we need both an infinite
number of measurements of u(t) and an infinite number of
realizations of u(t)

In practice, we have generally N < co measurements of u(t):
{u(t) | t =0...N — 1}

A. Approximation of R, (7) and properties of this approximation

N-1
1
A — w(t)u(t — or [t| <N -1
By = | N 2 uult=) forIr
0 for |t| >N -1

- /

System Identification: part IT
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This approximation is a consistent estimate of R, (7) i.e.

. AN .
Jim RY(7) = Ru(7)

For fixed IV, though, the accuracy of f%f:’ (7) decreases for
increasing values of T since Rf:’(T) is computed with lesser and
lesser products u(t)u(t — 7)

System Identification: part IT

4 )

When u(t) is deterministic, Y (w) is a consistent estimate of
Dy (w)

. ~ N .
A}gnoo P, (w) = Py (w)

For all other cases, we have only that XV (w) is an
asymptotically unbiased estimate of ®, (w) (variance is nonzero)

Jim E®N (w) = @, (w)

N /

System Identification: part IT

4 N

N /

39

41

this approximation

P, (w) can be approximated in two equivalent ways:

+oco
N w) = 3 RY(r)e i

= Un(w) Un(w)

with Un (w) the (scaled) Fourier Transform of {u(t) | t = 0...N — 1}
i.e.

Un(w) = \/% Z u(t) e ¢*

Note: the approximation via Un (w) is the most logical for

System Identification: part IT

4 )

Example 1: we have collected N = 1000 time-samples of a
white noise of variance o2 = 100

40

301

L L L L L L L L L
o 100 200 300 400 500 600 700 800 900 1000
time

System Identification: part IT

/B. Approximation of ®,,(w) (Periodogram) and properties of \

kdeterministic signals j

40
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Obtained Periodogram &V (w) (blue) w.r.t. &, (w) (red)
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System Identification: part IT

Example 2: we have collected N = 100 time-samples of

period = 10 time-samples):

2

1 1 . 1 1 1 1 1 .
o 10 20 30 40 50 60 70 80 920 100
time

0

\

u(t) = sin(0.63t) + 1 sin(1.26t) + 3sin(1.89t) (fundamental

System Identification: part IT
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As expected, it does not change when N is increased to
N = 10000:

3
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Periodogram (logarithmic scale)
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System Identification: part IT

/Obtained Periodogram &N (w) for w € [0 7]

30

20 -

10 H B
5 n 4
° A L '

1 1.5 2 25
w

It can be proven that the value at w; = 0.63, wy = 1.26 and
2
w3z = 1.89 are given by Nfi where A; (i = 1,2,3) is the
(mplitude of the sinusoid of frequency w;.

Periodogram
b

J

System Identification: part IT
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For N — oo, &V (w) tends thus to &, (w). Here is the
periodogram for the same signal when N = 1000

Periodogram

50

N

~

System Identification: part I1
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Part Ill: Prediction Error Identification'

N /

System Identification

4 )

Go(z) and Hg(z) are two unknown linear transfer functions in
-1

the Z-transform ( e.g. Go(z2) = % and

Ho(2) = 13652=1)

the input signal u(t) is chosen by the operator and applied to S
and the output signal y(t) is measured

y(t) is assumed to be made up of two distinct contributions:

e Gou(t): dependent of the choice of u(t)

e the disturbance v(t) = Hy(z)e(t) : independent of the
input signal u(t)

N /

System Identification

/1. Introduction about Prediction Error Identification' \

1.1. Assumptions on the True System: S = { Go Hp }

v(t)
y(t) = Go(z)u(t) + Ho(2)e(t)

u(t)

L» true system S

System Identification

4 )

the disturbance v(t) represents the measurement noise; the
effects of stochastic disturbance, the effects of non-measurable
input signals; - - -

the disturbance v(t) is modeled by Hy(z)e(t):
e Hj(z) is stable, inversely stable and
monic (i.e. Ho(2) =1+ > pe; ho(k)z7F%)

e ¢(t) is a white noise signal i.e. a sequence of independent,
identically distributed random variables (no assumption is
made on the probability density function)

- /

System Identification




4 N

Properties of e(t) and v(t) as a consequence of the assumptions

Since {e(t)} is a white noise,

Ee(t) = 0
R.(1) £ Ee(t)e(t —7) = o2-6(7)
{v(t)} is therefore the realization of a stochastic process with
properties:

Ev(t) = 0
®,(w) = [Ho(e™)|*- o2

N /

System Identification

4 N

In the beginning, we will make the following assumption:

360 such that G(z,00) = Go(z) and H(z,00) = Ho(z)
i.e. SEM

The objective can therefore be restated as follows:

Find (an estimate of) the unknown parameter vector 6y using a
set of IN input and output data:

zZN ={ u(t), y(t) | t=1..N }

generated by the true system i.e. y(t) = Gou(t) + Hope(t)

N /

System Identification

62. Objective of PE Identification \

General Objective

Find the best parametric models G(z, 0) and H(z, 0) for the
unknown transfer functions Gy and Hy using a set of measured
data u(t) and y(t) generated by the true system S.

Example of parametric models:

01z_1 1
G(z,0) = — H(z,0) = ———
(z, ) 1+ 922'_1 (z, ) 1+ 922’_1
0, 5
o=1, M = { G(z,0), H(z,0) V0 cR?}
2

Qote: H(z,0) is always chosen as a monic transfer function (like HO)j

System Identification

4 )

Summary: the full-order identification problem
Consider the following true system:
v(t)
——
y(t) = Go(2)u(t) + Ho(z)e(t) = G(z,00)u(t) + H(z,00)e(t)

from which N input and output data have been measured:

ZN = { u(t), y(t) | t=1..N }.

Given the parametrization G(z,0) and H(z, ), find (an
estimate of) the unknown parameter 6.

- /

System Identification




Simple idea to reach this objective :

Let us simulate the parametric models with the input u(¢) in
ZN:
y(t,0) = G(2,0)u(t) + H(z,0)e(t)

and let us find the vector 0 for which:

yt) —y(t,0) =0 Vit=1...N

In other words, & = 6y minimizes the power of y(t) — y(¢,6)

N /

System Identification

2. Predictor g(t, 0) in identification and prediction error €(t, )

Given Z" and a model G(z,0), H(z,0) in M, we define the
predictor §(t, 0) of the output of this model as follows:

§(t,0) 2 H(z,0) " G(z, 0)u(t)+(1—H(z,0) " )y(t) Vt = 1...N

and we define the prediction error €(t, ) as follows:

e(t,0) 2 y(t)—9(t,0) Vt=1..N

= H(z,0) ' (y(t) — G(z,0)u(t)) Vt=1..N

4 N

4 N

\_ /

System Identification

4 )

Problem: y(t,6) can not be computed since the white noise
sequence e(t) is unknown

Consequences:
e we need to find an accurate way to predict y(t, 0)

e the predictor §(t, 0) should be chosen in such a way that 6,
can still be deduced e.g. by minimizing the power of

y(t) — 9(t,0)

o J

System Identification

/e(t, 0) compares the output of the true system and the \
predicted output of a candidate model. le(t)
Hy(2)
u(t ! y(t
) Go(z) _’( :
G(z,0) __Tj‘_
1
H (=, 0

K t(t, 9) /

System Identification

11



ﬁ)roperties of the prediction error €(t, 0)
Property 1. Given 0 and ZV, €(t,0) computable Vt = 1...N

Example:
912_1 1 0]_
G(z7 0) = 146,21 H(Z, 0) = 1+652—1 0 =
02
012’_1
t,0) = (1465271 t) — ———u(t
€(t,0) = (1+602 ><y() 1+92z—1u0>

= y(t) +02y(t — 1) + O1u(t — 1)

Notes:

it is typically assumed that u(t < 0) = y(t < 0) =0

QI_l(z, 0) is always causal since H (z, ) is monic !

~

System Identification

-

Property 4. 6y minimizes the power E€Z(t,0) of €(0) i.e.
0o = arg ming E€?(t, 0)
A 1 &
with Be’(t,0) 2 lim — t_zl E€*(t, 0)
Since €(t,00) = e(t), we have thus:

E€%(t,00) = o2
E€%(t,0) > o2 VO # 6

(the latter provided u(t) has been chosen appropriately)

-

System Identification

4 )

Property 2. €(t,00) = e(t) (smth really unpredictable at time t)

y(t)

Go(2)u(t) + Ho(2)e(t) —G(z, 0)u(t)

e(t,0) = H(z,0)" !

Go(Z) — G(Z, 9)
H(z,0)

H,
H(z,0)

u(t) + e(t)

— €(t,00) = e(t)

Property 3. €(t,0) # white noise for all 6 7# 0, (provided an
appropriate signal u(t))

o J

System Identification

4 )

Sketch of the proof of Property 4:

s1(t,0) s2(£,0)
€(t,0) = e(t) + GO(int(_zC;()z’ e)u(t) + HO(?I(_zI;)(z’ O)e(t)

with s3(t, 0) function of e(t — 1), e(t — 2), ... (not of e(t)).
u(t) and e(t) uncorrelated and e(t) white noise —>-
Ee*(t,0) = 02 + Es3(t,0) + Es3(t,0)

6 = 6o minimizes both Es?(t,0) and Es2(t,0) by making them
equal to 0.

= 0 = 0 minimizes E€2(t,0)

- /

System Identification
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Important remark. The two following statements are equivalent:

e The true parameter vector 6y reduces the prediction error
€(t, 0) to the realization of the noise e(t).

e The true parameter vector 83 minimizes the power of the
prediction error €(t, 0).

N /

System Identification

ﬁVe have computed €(t,0) (t = 1...N) for 6 = 6, and for \
another 0 i.e. 01 # 6Oy:

epsilon(t theta0)
T T
’

L L L L L L L L L
[} 200 400 600 800 1000 1200 1400 1600 1800 2000
t

epsilon(t theta1)
T

L L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t

T
61 = ( 0.12, 0.25, —2, 2.3, —1.9, 0.8 )

N /

System Identification

4 )

Example

We have collected N = 2000 data u(t) and y(t) on the
following true system

) = z7%(0.103 4+ 0.18127 1)
Y = 1199121 +2.20822 — 1.8412 3 + 0.8942

Fu(t)te(t)

and we have chosen the following model structure M

273 (bg + b1271)
14 f127 1 + f2272 + f3273 4 fa2—4

M={G(z,9)= ; H(z,0) =1 }

9=(b0ab1,f1,f2vf3’f4)T

T
= 6o = ( 0.103, 0.181, —1.991, 2.203 , —1.841 , 0.894 )

o J

System Identification

4 )

As can be seen with RN (7), €(t,8o) has well the properties of a
white noise as opposed to €(t, 6;)

auto-correlations of epsilon(t,theta0) (red) and epsilon(t,thetal) (blue)
T T T T T T

System Identification

- /
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Estimated power of €(t, 6p) : 0.1015 (02 = 0.1)
Estimated power of €(t,60,) : 1.4678

Note: the estimated power is RiV(O)

4 N

N /

System Identification

[3. Mathematical criterion for prediction error identification

3.1. An ideal criterion

Denote by 6*, the solution of the minimization of the power of
the prediction error:

0* = arg ming V (0)
1 N
with V(0) = Be(1,0) = lim — ; E€*(t,0)
Properties of V(6) and 8* (when S € M and u(t) appropriate)

V' (0) has an unique minimum 6*

9*:00

N /

System Identification

20

22

Summary:

e ¢(t,0) is a computable quantity comparing the output y(t)
of the true system and the predicted output of a model

e O = 0y minimizes the power of €(t,0)

4 )

o J

System Identification

4 )

Remark:

There is no difference between 0* and 6 at this stage of the
course since we suppose S € M and u(t) appropriate.

We nevertheless introduce the new notation 6* since

o when § € M, the notion of true parameter vector 6y does
not exist, while the minimum 6* of the cost function V' (6)
exists

e if u(t) is not chosen appropriately, then V (0) has several
minima and 0* represents the set of these minima, while ¢
is one single parameter vector

- /

System Identification
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The true parameter vector 6 is thus the solution of:

arg ming V (0)

N
_ _ 1
with V(0) = Ee*(t,0) = lim ~ > EE(t,0)

t=1

Question ? Is it possible to consider this criterion 7 NO !!!

Indeed, the power of the prediction error can not be exactly
computed with only one experiment and only N measured data.

4 N

N /

System Identification

4 N

Consequences and properties of the identified parameter
vector éN:

e different experiments and data — different On.
e Oy is only an estimate of 6*(= 6y).

e O is a random variable which is asymptotically (N — )
Gaussian with mean 6*:

éN ~ ASN(B*, Pg)

e On — 0* with probability 1 when N — oo (i.e. Py — 0
when N — o0 )

N /

System Identification
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/

3.2. Tractable identification criterion

Power of prediction error is estimated using the N available
data ZNV:

Vn(0,2Z7) = €%(t, 0)

2|~
M)z

o~
[|

1

((H(0)" (y(t) — G(O)u(t)))”

I
2=
M)z

o~
[|
A

Parameter estimation through minimizing Vi :

On = arg min Viv (6, zN)

o

~

System Identification

-

Example:
. -1
S: t) = ——u(t ——e(t
y(®) 1+ 0.3z—1u( )+ 14 0.3z—1e( )
M: G(2,0)= 22— H(z,0)= 1= 0=

we have applied 20 times the same sequence u(t) of length
N = 200 and we have measured the corresponding y(t).

For these 20 experiments, we have computed the estimate On
T
of 6o = (0.3, 0.7 )

-

/

System Identification
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The twenty estimates 0 are represented with a blue cross and
6y by a red circle.

System Identification

/4 Black box model structures ' \

Model structure: M = {(G(z,0),H(z,0)),0 € R™}
General parametrization used in the Matlab Toolbox:

G(z,0) = Z—-B(z.0)

_ o)
FEo)aGe H(z0)=

D(z,0)A(=,0)

0T — ( ay .. an, bo .. fn; )
B(Z, 0) = by + blz—l 4.4 bnb—lz_nb+1
A(z,0) =1+ a;z71 +--.

+an,z7 "

C(z,0)=14+ciz7t+---+ec, 27
D(2,0) =1+diz7  +---+dp,z27™
F(z,0) =1+ fiz7 4 oo 4 fn,27™

N /

System Identification
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4 )

How can we solve the optimization problem delivering 6 ?

1 h
O = argmglnﬁtz_:le (t,0)
N

— argmin % S ((HO) ™ (y(t) — G(O)u(t)))”

t=1

In order to answer this question, the parametrization of G(z, 6)
and H (z,6) must be defined more precisely.

o J

System Identification

ﬁ/lodel structures used in practice \

Model structure G(z,0) H(z,0)

ARX z_nkB(z90) 1
A(z,0) A(z,0)
—reB(2. 0 p
ARMAX z""B(z,0) | C(z,0)
A(z,0) A(z,0)

z~ "™ B(z,0)
OE - Output Error | —————~ 1
F(z,0)

e B(2. 0 p
BJ - Box-Jenkins = (2,0) | C(z,0)
F(zae) D(Z,O)

- /

System Identification
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Example: ARX Model structure

Ng, Np are the number of parameters in the A and B
polynomial.
ng number of time delays

N

—nB(5. 0 )
Gz0)= > BEO gl
A(z,0) A(z,0)
with
B(Z7 9) = bo + blz_l + PR + bnb—lz_nb+l
A(z,0) = 14az7 4.+ Ap, 2z
T
0 = (alaZ"'anabobl"'bnb_1> .

System Identification

32

/

Distinction between model structures
e ARX and FIR have a predictor linear in 6
g(t,0) = 27" B(0)u(t) + (1 — A(6))y(?)
= ¢"(t)6

is a linear function in § = Important computational
advantages.

e BJ, FIR and OE have an independent parametrization of
G(z,0) en H(z,0)

There are no common parameters in G and H.

o

= Advantages for independent identification of G and H.

System Identification
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5 Computation of the identified parameter vector On I

1
2
On = argmelnﬁ E (t,0) = argmln— E (y(t) —

t=1

5.1 Case of a predictor linear in & (ARX and FIR)

z~"B(0) H(0) = 1

“O="30 ° =40

Predictor §(t, 0):

= 27" B(0)u(t) + [1 — A(0)]y(t)
= ¢(t)T0 LINEAR in 0 !

\_

~

J(t, 0))2

g(t,0) = H(0)'G(O)u(t) + [1 — H(0)']y(t)

/

System Identification

f Vn(0,ZN)

N

% > ()

On = arg ming

analytically using;:

aVn (0, ZN)
a6

Indeed:

aVn(0,ZN)

e P CUOR

Putting derivative to 0 in 6 = O~ delivers:

1 X . 1 X
lN;s‘b(t)(ﬁT(t)] On NZ o (t)y(t)

N

\

— qﬁ(t)TéP)2 can be determined

P(t)9" (£)6]

System Identification

/with

¢(t) = (_y(t - 1)a ooy _y(t - na)?
su(t —ng —np +1))T

byt )

¢>T(t)0)2 is quadratic in 0.

u(t — ng), ...

6 = ( a1 ag - an, bo -

Vn(8,ZN) = L SN (y(t) —

VN (0

\ 0

~

System Identification

-

As a consequence:

—1

A 1 1 &
On = |5 2 ee"®)| - > eBy()

R(N) F(N)

e Analytical solution through simple matrix operations.

N

System Identification
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/5.2 Case of a predictor nonlinear in 6 (OE,BJ,ARMAX) \

Example of the OE model structure:

z~"=B(0)

G(9) = OB H(6) =1

Predictor §(t, 0):

9(t,0) = H(0)'G(O)u(t) + [1 — H(0) y(t)
—n,, B(6)
= z WU(”
= ¢(t, O)TO NONLINEAR in 6 !!!
with

o(t,0) = (u(t — ng)y...,u(t — n — np + 1),

\ —g(t—1,0),...,—g(t — ng,0)T J

System Identification

6 Conditions on experimental data.

The ideal identification criterion

arg mgin E€*(t,0)

has a unique solution 8* (i.e. 6* = 0y when S € M) if the
input signal u(t) that is chosen to generate the experimental
data is sufficiently rich.

o )

System Identification
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4 )

0= ( bo ++bn,—1 J1 f2 " fn; )T

VN (0,ZY)
1 X 2
On = a ing — t) — ¢(t,0)T0)” can not be
= argming &3 (u(0) ~ 9(4,6)70)
determined analytically using:
OVn(0,2ZN) —0
a0 .
0=0nNn

since this derivative is a very complicate expression which is
nonlinear in 6 and since this derivative is (generally) equal to 0
for several 0 (local minima).

The solution éN will therefore be computed iteratively. Risk of

Qnding a local minimum ! J

System Identification

fCounterexample \

S:yt) =

—1

oy et ORS e(t)

1+ doZ_l

Consider u(t) = 0 Vt as input signal and a full-order model
structure M for S:

bz—1 1 b
M G(z,0) = —— —— ; H(2,0) = ——— 0= | d
1+fz_1 1+dz_1

Consequently:

_ Go(2) — G(z,0) H,
€(t,0) = H(z 0) u(t) +H(z,9)e(t)

\_ )

System Identification

39

41



4 )

1+4+dz"1
— €(t,0) = ——e(t
)
We know that E€?(t, ) is minimum for & making €(t,0) = e(t)

—>

The power E€?(t, ) is minimized for each # making
H(Z, 0) = H, i.e.

b
0" = do Vbe Rand Vf € R
f
\Note: Op lies in the set of 6*. J

System Identification

Gxamples: \

e A white noise process (R, (7) = 028(7)) is persistently
exciting of infinite order. Indeed, R,, = o-iIn.

e a block signal

2

15 -

[
S I

15| 4

-2

) 1 2 3 a 5 6 7 8 © 10 11 12 13 14 15 16

R,(0)=1 R,(1)= R.(2) = -2 R,(3)=-1
R,(4) = —% R,(5) = R,(6) =1 etcetera

1
3

Wi

o )

System Identification
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Notion of signal richness: persistently exciting input signals

A quasi-stationary signal u is persistently exciting of order n if
the (Toeplitz) matrix R,, is non-singular

[ R.(0) R.(1) Ry(n—1) |
Rn _ Ru.(]-) Ru(O) Ru(n - 2)
| Ru(n—1) Ru(1)  Ru.(0)

\ /

System Identification

4 N

1 1
1 2 1
i 07 1 _1
R, = 3 3 3
1 1 7 1
3 3 3
1 1
-1 -1 !

Rj is regular, R4 is singular. Consequently, u is p.e. of order 3

o )

System Identification
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Another method to determine the order of u

If the spectrum ®,, is unequal to 0 in n points in the interval
(—m, ], then wu is persistently exciting of order n

Example
The signal
u(t) = sin(wot)

is persistently exciting of order 2. (®, has a contribution
in :l:w())

\_

/

System Identification

fSketch of the proof (case of a FIR model structure):

ny
e(t,0) = y(t) — Z bru(t — k) (ngp=1)
k=1
60* is characterized by:
0"

_ B _ -
R, (0) Ry, (np—1) bl Ry (1)
R,(1) R, (ny—2) b3 _ R,.(2)

I R,(ny—1) R,(0) 11 b, | i Ry (np) |

Consequence:
6* can uniquely be identified if and only if u is persistently

Qxciting of order > ny,.

\

/

System Identification
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Important result. Let us denote the number of parameters in
the function G(z, 0) by ng. The ideal identification criterion i.e.

0* = arg mein V(9)

has a unique solution (i.e. 8* = 6y) if the signal u(t) generating
the data is sufficiently exciting of order > n,.

\ /

System Identification

4 N

What can we say about the identification of On?

6n will be the (consistent) estimate of 8* = 6 (the unique
solution of the ideal criterion) if the input signal is sufficiently
exciting of order > ng,.

Remark. In the sequel, we will always assume that the signal
u(t) has been chosen such that it is persistently exciting of
sufficient order.

\_ )

System Identification
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Example

Let us consider the following true system S:

z7%(0.103 4 0.181z~ 1)

T
0=(b07b13f17.f27f3,f4> =>nG=6

we now perform two identification experiments on S

\_

t) = t t
Y() = T 1 9912-1 + 2.203:-2 — 1.8412-% 1 0.894z—a “(D+e(®)
we have chosen the full-order model structure M

M= G(z,0) = =0 <b0 + blz_l) ; H(z,0) =1
B T 14 1z  fazm2 4 f32 3 4 fpz—d Pl

~

System Identification

KC:(Z,HAN) (blue) is compared with G(z, 6y) (red):

From ul oyl

Amplitude

Phase (degrees)
L |
4]
8

107 10‘" equency (ads 12)" 10"
Due to the lack of excitation, there are multiple 8* which
minimize Ee2(t, ) and the identified O is a consistent

Kestimate of one of these 0* (# 6g)

/

System Identification
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ﬂirst experiment on S \

we have applied u(t) = sin(0.1t) (u p.e. of order 2) to S and
collected N = 2000 IO data:

input signal u(t)
T T T

1 B
J\/\/\/\/\/\/\[\/\/\/\/\/\[\/\/W\/W\/\/\/\/W\/\/W
b

- 0 Zl‘JU 4(‘]0 650 BéO IU‘DU IZ‘DU 14‘00 15‘00 lB‘UO 2000
t
output signal y(t)
2 T T T
1
0
720 2(‘]0 4&0 6(‘)0 S(‘JO 1(;00 12‘00 14‘00 16‘00 15‘00 2000
t
\Using the 2000 recorded data, we have identified 6 J

System Identification

fSecond experiment on S

we have applied a white noise u(t) (u p.e. of order o©) to S
and collected N = 2000 10 data:

input signal u(t)
T T

l\

- L L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000
t

output signal y(t)

W

Qsing the 2000 recorded data, we have identified O

\

/

System Identification
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G(z,0n) (blue) is compared with G(z,0,) (red):

From ultoyl

10°
o
o 10"
3
£
107
10" L L
107 107 10° 10
T
72001
g
]
S 400
8
£
& -6oof
107 10" 10

Frequency (rad/s)

Since the signal u is p.e. of order > 6, 8* is unique and the
identified éN is a consistent estimate of this 6* = 6,

/
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7 Statistical properties of 6 when S € MI

Due to the stochastic noise v(t) corrupting the data ZV, the
identified parameter vector O is a random variable i.e.

the value of O is different at each experiment

N )

System Identification

[7.1 Normal distribution of the identified parameter vector On \

Consider an identification experiment on S achieved using an
input signal u(t) and a number N of data

The parameter vector 0 identified in such an experiment is the
realization of a normal distribution:

On ~ N (09, Py)

Py 2 B ((On — 00)(0x — 00)")
2 /= -1
= Crﬁe <E'¢J(t, BO)wT(t, 00))
with (¢, 6p) = 299 _ _ 9e(t,0)

4 )

K 99 |p—g, 99 |g—op, /
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When S € M, the identified parameter vector On has the
following property:

L] éNNN(OmPB)

e On — 6o with probability 1 when N — oo (i.e. Py — 0
when N — oo ).

Note: the first property is in fact On ~ AsN (0g, Pp)

N

~
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Interpretation of O ~ N (6, Py)

Consider p different identification experiments on & which
deliver p different estimates éz(\j')

EfONn = 6y means that

P
lim ~ 369 = 6o
p—r o0 p —

éN unbiased estimate of 6,

N
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4 ) 4 )

Estimates O distributed as O ~ N (6o, Py) with large Py

Interpretation of Oy ~ N (0, Ps) (con’t)

P, 2E ((éN — o) (6N — oO)T)
Estimates O distributed as O ~ N (6o, Ps) with small Py

the covariance matrix Py gives an idea of the standard deviation

between O and 0 (see next slide)

60

N ) N /
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4 N 4 N
Ac(z,60) AH(z,60)

P(t,600) = mu(t) + me(t)

Properties of the covariance matrix Py of On

Property 1. Py is a function of the chosen input signal u(t) and
of the number N of data used for the identification.

. . AgAL ApAL .
Now defining ' = ;HS and 'y = I?Hf and using Parseval

theorem
Proof: o2 _ 1
(2) -~ G(z,0) Py = (B (5, 60" (1, 60) — =
Go(2) — G(=,0 Hy
t,0) = )+ —— et
=" O HEW T 2 L
Py = UN <% /_1r Tc (e, 00) ®u(w) + Tu(e’™,00) o? dw)
—0e(t, 0 A 0 A 0
’d)(t, 00) — 6( 9 ) — G(Z7 O)U(t) + H(z’ O)e(t)
60 0=0, H(Z, 00) H(Z, 00)
=—> Py function of u(t) and N

We can therefore influence the value of Py by appropriately

/ K choosing u(t) and N /

61 System Identification

with Ag(z,0) = % and Ay (z,0) = BH(;;,B)

N
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Property 2. The covariance matrix Py is a function of the
unknown true system S via o2 and 6,.

Property 3. A reliable estimate Py of P, can nevertheless be
deduced using the data and On

PN

~ Lo 1 N ~ ~ -t
Py =2 (N;W’ on)vT (¢, HN))

with 62 = & S | €(t,0n)?

N

System Identification
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Indeed:
o _ T -1
Py = N (E9(t,00)9" (t,600))
and N - o0 —

P9—>0

N

System Identification
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4 )

7.2 Consistency property of the PEI estimate Oy

On — 0o with probability 1 when N — oo

If we could collect N = oo data from S, then the identified
parameter vector On—>o0o would have the following distribution:

éN—»oo ~ N(OO,PQ) with Py =0

In other words, O _, is a random variable whose realization is
always equal to 6

J

System Identification

7.3 Proof of the statistical properties of On when M is FIR
S: Go(z) =ap+boz™! and Hy(z) =1

N input-output data have been collected from S

Full-order FIR model structure:
G(z,0) =a+bz"! H(z,0)=1

0 =

Predictor:

3(t,0) = 6170 with ¢7(t) = (w(t) u(t—1) )

o /
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Note that the data y(t) and u(t) collected from S obey the
following relation:

6o
——

y(t) = o(t)T Z" te(t) t=1..N

N

System Identification

-

. 1 N
On = 00+ R <N tzzl ¢(t)e(t)>

estimation error

fr—

O is a random variable and is (asymptotically) normally
distributed

Indeed
e e(t) is a random process and

e central limit theorem

N

System Identification
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N

KThe estimate éN is obtained as follows:

—1

oy = |5 D008 ®| =D o)

R

What is the relation between 65 and 6y ?

Replace y(t) by its expression:

=y(t)

N
on =B Y60 (6070 + e(0)

System Identification

68
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Mean:

Since ¢(t)

What are the moments of this normal distribution ?

X 1 N
_ -1 Z
EBN = 00 + E <R ( Z ¢(t)€(t)>>
and R are deterministic (not stochastic):

=0

N R
E0n = 6o+ R! > ¢(t) Ee(t)
t=1

1
N

= 6

System Identification

70



KCovariance matrix: \

P2E ((éN — 00)(On — oo)T)

_1 /N N -1
Py = E(RN <tzzl¢(t)e(t)> (S;e(sw(s)) RN )
R' (X
- B (Z

t=1

N R—l
" 6() E(e(t)e(s)) ¢T<s>> =

")

2 o T R™!
= = <ae;¢<t)¢ (t)) <

_ %g-ipp-t = Jep-
N N

N /

System Identification
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What happens when N — oo ?

1 X u(t)e(t)

ON—oo =600+ lim |R'—
N—oo N t; u(t — 1)e(t)

random variable whose realisation is always 0

o /
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The FIR case is a very particular case: only the normal
distribution is asymptotic in N while EéN = O and the
covariance matrix are valid VIV

2
Note that Py = S¢ R~ converges when N — oo to the
asymptotic expression

o2  _ -1
o (Ba(t, 60)w" (. 60))
since

9(t,0) = @7 (£)0 => ¥ (t,0) = ¢(t) VO

N

~

System Identification
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Parametric uncertainty region
éN close to Oy if Py “small”

To determine how close, we can build an uncertainty region in
the parameter space:

On ~ N (09, Py) <—

(60 — ON)T Py ' (B0 — On) ~ x*(k)

with k& the dimension of éN

N
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(80 — ON)T Pyt (60 — On) ~ X*(K)
the unknown true parameter vector 6 lies therefore in the
following ellipsoid U with probability, say, 95%

U={0€R" | (0—0n)T P;" (0—bn) <o}

with a such that Pr(x?(k) < a) = 0.95.

N /

System Identification
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Example:
. —1
S: )= ————u(t) + ———e(t
v = T os Wt T 01e®)
bzt
M: G(z,0) = (%= H(z,0) = 0= 0= .

we have applied a sequence u(t) of length N = 1000 to S and
we have measured the corresponding y(t).

o /
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U={¢9eR’c | (0 — 63)T Py (60— 6n) ga}
The uncertainty ellipsoid U is centered at the identified

parameter vector On and shaped by its covariance matrix Py

The largest Py, the largest the ellipsoid and thus the largest the
uncertainty

Remark: G(z,6p) lies with the same probability in

D = {G(2,0) | € U}

N /
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Using these data, we have computed the estimate O of

T
0o = ( 0.3, 0.7 ) along with its (estimated) covariance
matrix Ppy:

N 0.301 _g [ 0.4922 0.0017
On = Py =10

0.733 0.0017 0.6264
The 95% uncertainty region U can then be constructed

U= {9 ERF| (0 —6n)T Pyt (0 —6n) <5.99 }

o %
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KThe estimate O ( blue cross ) along with its uncertainty
ellipsoid U in the parameter space

20751
07t

L L L L L L L L L
0 0.05 0.1 0.15 0.2 0.25 03 0.35 04 0.45 05
a

The in practice unknown 6 is represented by the red circle and

Qes in U as expected /

System Identification
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cov(G(e“,0n)) can be expressed as a function of Py:

cov(G(e7°,0n)) = Ag(e7”,00) Py Al (€7, 800)

. 0G(z,0
with AL (z,0) = %

(obtained using a first order approximation and the assumption that N

is large enough)

o /
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8 Statistical distribution of the identified model when S € MI

the identified parameter vector O~ is a random variable
distributed as On ~ AsN (0, Py) —>

the identified models G(z,0x) (and H(z,60y)) are also random
variables:

e G(z,0y) is an (asymptotically) unbiased estimate of
G(Z, 00)

e the variance of G(z,0y) is defined in the frequency domain
as:

cov(G(e/,0n)) 2 E (|G(e7*, 0n) — G(e7,60)2)

N /

System Identification
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Properties of cov(G(ei“,0n))

Property 1. cov(G(e*,0x)) is a function of the chosen u(t)
and of the number NN of data used for the identification.

direct consequence of the fact that Py is a function of these
quantities

o %

System Identification
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More speaking relation between the choice of u(t) and of NV
and cov(G(ei“, Ox))

Obtained by assuming that the MacMillan degree n of the
model G(z,0) in M — oo

cov (G(ej‘*’, éN)) =~

N /

System Identification

Comparison with non-parametric identification:

o cov(G(e’“,0x)) — 0 when N — oo (even for
non-periodic signal)

e the modeling error at w, is correlated to the error at w; due
to the parametrization

4 )

4 )

83

o /
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Property 2. cov(G(e7“,0y)) is a function of the unknown S

Property 3. An estimate of cov(G(e’“,0x)) can nevertheless
be computed using the data and On

cov(G(ejw,éN)) =~ Ag(ejw,éN) Py Ag(ej“’,éN)

N

System Identification
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9 Validation of the identified model when S &€ M'

We have identified a model G(z,0yn) in M using ZV and we
have verified that S € M (see later).

Important question: Is G(z,0x) close to G(z,6,) ?

o %

84
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Validation using cov(G (€7, O )
Jjw A AN jw 9 jw 2
cov(G(e/,0n)) £ E (1G(e*, 0n) — G(e7,60)2)

Consequently, at each frequency w:

the modeling error |G (€%, 0y) — G(e7, )| is very likely to
be small w.r.t. |G(ei“,0y)]|

if

the standard deviation \/cov(G(eJ'“’, On) of G(ei“,0y) is small
w.r.t. |G(el“,0n)|

N )

System Identification

4 )

What is a small standard deviation \/cov(G(ej“’, On) (or a

small modeling error) w.r.t. |G(ei,0x)|?
Highly dependent on the expected use for the model !!

For example, if we want to use the model for control, the

modeling error (measured by \/cov(G(eJ"", 6n)) has to be
much smaller around the cross-over frequency than at the other
frequencies

See the literature on “identification for robust control” to know
how large \/cov(G(ej‘*’, On) may be

o /
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More precizely, since G(z, 0 ) is normally distributed, we have
at each frequency w that

|G(e7%,00) —G(e’,0n)| < 1.96 \/COU(G(ej“’,éN) w.p. 95%

\/cov(G(eJ"", On) is thus a measure of the modeling error and
allows to deduce uncertainty bands around the frequency
response of the identified model G(z, 0x)

N /
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4 )

What to do if the variance appears too large ?

If the variance cov(G(e?“, Ox)) appears too large, then we can
not guarantee that G(z,0y) is a close estimate of Go(2)

A new identification experiment has then to be achieved in
order to obtain a better model

For this purpose, we have to take care that the variance in this
new identification is smaller

o /
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How can we reduce the variance of the identified model in a
new identification ?

n ®,(w
N &, (w)

~—

cov (G(ej‘*’, éN)) =~

Consequently, cov(G(e?“,0x)) can be reduced by

e increasing the number of data IV;

e or increasing the power spectrum ®,(w) of the input signal
at the frequencies where cov(G(e’“, x)) was too large

N /

System Identification

\

Validation of the identified model G(z, On):

we compare \/cov(G(ej“’,éN) (blue) and |G(z, 0n)| (red):

identiied G (red); standard deviation (blue)

\/CO'U(G’(ej“’, On) is too large !!!

o /
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Let us consider the same flexible transmission system S (in the
ARX form)

Example

Let us consider a full order model structure M for S

We want to use G(z, éN) for control

Vieov(G(e7*.0n) 1 v € [0 1]

In this example, we need e
P G(e3%,0n)]

First identification experiment
We apply a white noise input signal u(t) of variance o2 = 0.005

to S, collect N = 2000 10 data and identify a model G(z, )
in M

N /

System Identification

4 )

Second identification experiment
We want to reduce the variance of the identified model
Let us for this purpose increase the power of u(t):

We apply a white noise input signal u(t) of variance o2 =1 to
S, collect N = 2000 |0 data and identify a model G(z,0x)
in M

o %
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KValidation of the identified model G(z,0n):

~

we compare \/cov(G(eJ"",éN) (blue) and |G(z, Oy)| (red):

identified G (red): standard deviation (blue)

N

\/co'v(G(ej‘*’, 6n) is better, but still too large at the 1st peak

for our control purpose!!! /

System Identification

Validation of the identified model G(z, On):

\

we compare \/cov(G(ej“’,éN) (blue) and |G(z, 0n)| (red):

identiied G (red); standard deviation (blue)

N

\/COU(G’(ej“’, On) is now OK for our control purpose!!!

/
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Third identification experiment

We want to reduce the variance of the identified model further
around the 1st peak

Let us for this purpose increase the power of u(t) around this
first peak:

u(t) = white noise of the 2nd experiment +sin(0.3t)+sin(0.4t)

We apply this input signal u(t) to S, collect N = 2000 10 data
and identify a model G(z,0x) in M

N /

System Identification

Final note:

Similar analysis can be made for H (e, 0y) using
cov(H (e7*,0N))

cov(H (€7, 0x)) can be deduced using a similar reasoning as
for cov(G(e*,0n))

o %
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/10 A special case of undermodelling I

10.1 ldentification in a model structure M which does not
contain S: S ¢ M

S & M <= there does not exist a 0y such that

G(Z, 00) = Go(z) and H(Z,e()) = H()(Z)

Consider a model structure M = {G(z,0) ; H(z,60)} such
that S € M and an input signal u(t) sufficiently exciting of
order > ng

N

~

System Identification

-

Since § ¢ M, we have in general:

G(2,0%) # Go(z2) and H(z,0%) # Hy(z)

One exception though:

S & M with Go € G and M OE, BJ or FIR

-

99
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/

Define, as before, the ideal identification criterion:
0" = arg mein Eé?(t,0)

and the estimate éN of 6* :

N
A~ 1
— s 2
On = arg min tZl €(t, 0)
Statistical properties of On w.r.t. 6*
° éN—>0*w.p. 1 when N — oo

e On ~ AsN(6*, Py) (Ps having a more complicate
expression than when S € M)

o
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10.2 Special case of undermodelling: S & M with Gg € G

The model structure M used for identification purpose is
such that

360 such that G(z,00) = Go(z) but H(z,0¢) # Ho(z)

-

/
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What can be said about 6* in this special case ?

To answer this question, we distinguish two classes of model
structures M:

e M with no common parameters in G(0) and H(0) (i.e.
OE, BJ, FIR)

0= Z G() = G(n) H(6) = H(C)

e M with common parameters in G(6) and H(60) (i.e. ARX,
ARMAX)

N /
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Example

272 (0.103 + 0.181z~ ")
v() = 1790121 -2 -3
—1.991z~! 4 2.2032~2 — 1.8412~3 + 0.8942

—u(t)+o(t)

with v(t) = Hy(z)e(t); Ho(z) very complicate i.e. S is not
ARX, not OE !!!

We have applied a powerful white noise input signal (62 = 5) to
S and collected a large number of 10 data (N = 5000) —>
small variance —> éN ~ 0*

N /

System Identification

/Result:

True system S: y = Gou(t) + Hpe(t)

Chosen model structure M = { G(z,0), H(z,0) } such that
300 with G(Z, 00) = G()(Z) but H(Z, 00) ?é H()(Z).

e if M is OE, BJ or FIR, then

*

n

0* = o G(z,m*) =Go H(z,(*) # Hp
e if M is ARX or ARMAX, then
Go

—
G(z,0*) # G(z,00) H(z,0%) # Hy

o

/
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Using these 10 data, we have identified a model in two model
structures such that § € M with G¢ € G:

More = ARX (ng = 4,1 = 2,1y, = 3)

Moe = OE(nb = 2, ny = 4,nk = 3)

Let us denote G(z, é%’m) and G(z, é?\?) the models identified
in Mg, and M, respectively.

-

~

J
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Go(z) (red)

From ul to y1

/Bode plots of G(z,0%®) (blue) and G(z, %) (black) and \

Amplitude

52001

(degrees

S-400F

Phase

-600(

-800
10

Frequency (rad/s)

10°

As expected, we obtain G(z,é]‘(‘;) ~ Go(z) and G(z,ég}"m) very
Kdifferent from G

/
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11 Choice and validation of model order and structure'

Until now, we have posed assumptions on the property of the
model structure M w.r.t. S:

e ScM
e SZMwith Gy € G
o SZ M with Go € G

How can we verify these assumptions ?

a solution: model structure validation

N

~

/
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[11.2 Model structure validation in the asymptotic
case (N — o0)

The identified parameter vector is then 6*

Model structure validation is performed by considering R.(7)
and R, (1) of e(t,6*):

€(t,0%) = H(0") " (y(t) — G(0")u(t))

Due to the fact that

Go — G(B*)u(t) L Ho

T H(%)

e(t),

three situations can occur for these quantities R.(7) and

\Reu (1)

\
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11.1 Model structure validation: an a-posteriori verification

Assume that we have identified a parameter vector On ina
model structure M = { G(0), H(0) } with N data ZV
collected on the true system S: y(t) = Gou(t) + Hoe(t).

Model structure validation: based on éN and ZV, determine if
the chosen model structure M is such that:

e SecMor
e SZMwith Gy € G
e SZMwithGo & @G

o J

System Identification

/Situation A \

We observe:

o2 forr=0

Rc(1) = 02d(1) =
0 elsewhere

Ry (1) =0 VT

This situation occurs when

o) = Lo+ g

= 0 X u(t) + e(t)

e(t)

< G(6*) = Go and H(0*) = H,

\ —=SeM J
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/Situation B

We observe:

R (1)#025(T)
R () =0 VT

This situation occurs when

Gy — G(0* H

Go — G(07) 0 _o(t)
H(6%)

e(t,67) 760

u(t) +

#1
—

Hy
o) °D

= 0xu(t)+

< G(0*) =Gy and H(0") # Hyp
<— S§ & M with Gy € G for M OE, BJ or FIR

N

/
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Conclusions for the asymptotic case:
1) M is chosen as OE, FIR or BJ:

Situations A, B and C can occur for R.(7) and R, ()

By determining in which situations we are, we verify whether
the identification of 8* has been performed in a M such that

e S € M (situation A)
e S ¢ M with Gy € G (situation B)
e or S ¢ M with Gy € G (situation C)

N\

\
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Gtuation C

We observe:

Re(m)#026(T)
3T s.t. Reu(7)#0

This situation occurs when

#0

Go — G(6%) H
€(t,0") = 011(70*) u(t) + H(G?*)e(t)

<= G(0") # Go

either S € M with Go € G for M ARX or ARMAX
or SZMwith Gy € G

o

System Identification
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2) M is chosen as ARX or ARMAX:

Situations A and C can occur for R.(7) and R, (T)

By determining in which situations we are, we verify whether
the identification of 8* has been performed in a M such that

e S € M (situation A)
o S ¢ M (situation C)

No distinction can be made between Gy € G and Go € G

-
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The identified parameter vector is O~ which is an unbiased
estimate of 0*

.3 Model structure validation in the practical case N < oo

Model structure validation is performed by considering RiV(T)
and RN (1) of €(t,0n):

(T) = NZt 1 Te(t+ T, GN)u(t)
RN(T) - NZt 1 E(t—l-T,QN) (t GN)

Qnd by considering 99%-confidence regions for these estimates

System Identification

-

To construct these confidence regions, we use the following
result:

if Re(T) = 026(7), then VN%Z—EZ; ~ AsN(0,1).

if Rew(T) =0 V 7, then VNRY (1) ~ AsN(0, P) with an
estimable P.

N /

116
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What do these 99%-confidence regions represent ?
RYN (7) lies in its confidence region V7 =% R () = 025(T)

RN (7) lies in its confidence region V1T == R, (7) = 0 V7

o J
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Based on the results of the asymptotic case, we can therefore
deduce:

1) when M is OE, FIR, or BJ

both RN (7) and RY (7) are in their confidence regions V'
= SeM

RY (1) is in its confidence regions V7 while RN (1) is not
completely in its confidence region = S ¢ M with Gy € G

both RN(T) and R »(T) are not completely in their confidence
regions = S & M with Gy € G

- /
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2) when M is ARX or ARMAX

both RN (7) and RN () are in their confidence regions V'
= SeM

other cases == S ¢ M

No distinction can be made between Gy € G and Go € G

N

System Identification

ﬂirst analysis of the system
Let us apply a step input signal u(t) to S and observe y(t)

step response: ut) (red) and y(t) (blue)

From this behaviour, we can conclude that G has a limited

(=

order and from a detailed observation, we see that the delay is

120

/
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11.4 Example of how we can finda M s.t. S € M
Let us consider an unknown true system S

We would like to determine a model set M which contains S

o

System Identification
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Collection of the data for the identification and determination
of M

We have applied a white noise input signal to S and collected
N = 5000 input-output data —> Z%

Based on the first analysis of S, first choice for M:
M =BJ(np =2,n. =2,n9g =2,n5 = 2,n, = 3)

We can identify a parameter vector O in this M using ZN

-
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/Does this M contain the true system § 7 \

Let us perform the model structure validation (Matlab function:
resid)

Correlation function of residuals. Output y1

LI S ‘ L9600
5 10 15 20 25
lag

Cross corr. function between input ul and residuals from output y1

K%S%MwithGogg /
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4 )

Let us perform the model structure validation of this new M:

Correlation function of residuals. Output y1

o2 e 7779

0 o © ]

ST RSN

0 5 10 15 20 25
lag

Cross corr. function between input u1 and residuals from output y1
004 T T T T T T T T T

o QTQ?O T(P(l)m

-0.02 l

= S Z M withGy € G

l@TTTT il lelem%olﬁ‘ff QTOT

Il

124

N /
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Let us increase the order for G(z,0) and H(z,0)
M =BJ(n, =3,n. =3,nqg =3,ny = 3,n, = 3)

and identify O in this new model structure using the same data
ZN

o /

System Identification 125

4 N

A third order H(z,0) is thus not sufficient to describe Hy(2).
Let us try:

M =BJ(n, =3,n. =4,ng =4,ny = 3,n, = 3)

and identify O~ in this new model structure using the data Z%

- /
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Let us perform the model structure validation of this new M:

Correlation function of residuals. Output y1

0 5 10 15 20 25
lag

Cross corr. function between input u1 and residuals from output y1
T T T T T T T

i, PWTT \ fiputyThe! l:

System Identification 128

61.5 Final remarks. \

Model structure validation validates the hypothesis S € M
based on the available data

Other data can be used for the validation than for the
identification

Model structure validation is often called model validation

However

a successful model structure validation does not necessarily
imply that G(z,0x) and H(z,60x) are close estimates of
Go(2z) = G(z,0¢) and Hy(z) = H(z,600) (variance can be still

Qrge 1) /

System Identification
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4 )

By a simple iteration, we can find a model set M that has the
property S € M

Note: the used S was indeed BJ(3,4,4,3,3) !!

o J

System Identification

12 A typical procedure to identify a reliable full-order model I

For some type of systems, a reasonable objective can be to
identify reliable full-order models G(z,0x) and H(z,0x) of Gy
and Hj

To reach this objective:

Model structure validation allows to determine a model set M
such that S e M

and \/cov(G(ej“’, 6n)) allows one to verify whether G(z, 0y) is

close to G (and eventually \/cov(H(ej“’, 6n)) for H(z,0N))

-
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—> Typical iterative procedure

choose the input signal and collect Z™Y
choose a model structure M

identification of the models G(z,0x) and H(z,0y)

Ll

Verify if S € M. If it is the case, go to item 5. If not, go
to item 2 and choose another model structure M

5. Verify if \/cov(G(eJ'“’, 6n)) (and eventually

\/cov(H(ej“’,éN))) are small. If not, go back to item 1.
yes, stop

N

If

/

System Identification

132

Possible additional tests for item 5:
e simulation of the identified model
e observation of the poles and zeros of the identified models

e comparison of the frequency response of the identified
models with the ETFE (see later) and/or with the physical
equations.

4 )

o J
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13 Identification in a low order model structure'

Some real-life systems have a very large order (e.g. chemical
and industrial plants)

For such plants, identifying a reliable full-order model is:

e not a good idea since cov(G(e*, Ox)) will be typically
very large

n ®,(w)

N &, (w)

cov(G(e7*,0N)) ~

with n large and N, ®, (w) limited

N /

System Identification

Considered problem: What is the influence of the experimental
conditions (choice of u(t), choice of IN) on the approximation
of Go(2) by G(z,0n) when:

v(t)

——
5: y(t) = Go(2)u(t) + Ho(2)e(®)

and M = {G(z,0) ; H(z,0) = 1} is an OE model structure
such that A6y with G(z,00) = Go(z)

4 N

4 N

134

N /

System Identification
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4 )

e not necessary: for control, a low order model accurate in
the frequencies around the cross-over frequency is sufficient

For that type of S,

e choose a reduced order M which is nevertheless sufficiently
rich to be able to represent the behaviour of the system in
the important frequency range

e perform the identification experiment in such a way that the
identified model is a close estimate of S in the important
frequency range

o J
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4 )

We restrict thus attention to:

e to the approximation of G by G(z, éN)

e to Output Error (OE) model structure M (reason: easier
analysis)

- /
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Geminder from before .... \

O~ can be computed as in the case S ¢ M

O is a random variable due to the stochastic disturbance v(t)
corrupting the data

O is distributed as N(6*, Py) where 6* is the solution of the
ideal identification criterion

Py can not be determined analytically, but Py — 0 when
N — 0o = Oy — 6* w.p. 1 when N — oo

@00 with G(Z, 00) = Go(Z) — G(z,@*) # Go(z) /

System Identification

4 N

the two contributions and their source:

Go(2)—G(2,0n) = (Go(2) — G(z,0")+(G(2,6") — G(z,0n))
e Go — G(60*) is called the bias error and is due to the fact
that S € M with Gy € G;

e G(6*) — G(Ay) is called the variance error and is due to
the fact that NV < oo

138

\_ /
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4 )

13.1 Modeling error when & ¢ M with Go € G

the modeling error Go(z) — G(z, 0 is decomposed into two
contributions:

Go(2)—G(2,0n) = (Go(2) — G(2,6")+(G(2,6%) — G(2,6n))

Note: when § € M, Go(z) — G(z,0*) =0

System Identification

Considered problem (rephrased): what is the influence of the
experimental conditions

e on the bias error

e on the variance error

o J

139

4 )

- /

System Identification

141



63.3 shaping the bias error Gy — G(6*)

Recall we consider an OE model structure M

13.3.1 a frequency domain expression of the bias error
Go(e¥) — G(e7¥,0%)

0* = arg mein V()

and
V(8) = Ee(t,0)>
1 T
= — P (w,0)dw
2w J_»

K(Parseval; both expressions are equal to R.(0))

/

System Identification

-

0" = argmin zi/ 1Go(e7°) — G(e7, 0)|2Bu (w) + B (w)dw
7r ™

G(e?%,0%) is the model minimizing the integrated quadratic
error |Go(e?*) — G(e7¥, 0)|? with weighting function ®,,(w)

=

the bias will be the smallest at those w’s where ®,,(w) is
relatively the largest

-

\

142
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(= 06— )

€(t,0) = (Go(z) — G(2,0))u(t) + v(t)

17
argrr%gmﬂ/_?r P (w,0)dw

— arg rr}gln%/ Go(e9°) — G(°, 0)|>®u (w) + B (w)dw

o J

System Identification

4 )

Notes:

e the bias error is a function of the power spectrum @, (w) of
the input signal used for the identification

e the bias obtained with a signal u(t) of spectrum &, (w) is
the same as the bias obtained with spectrum a®,(w) (« a
scalar constant)

e the absolute level of power has thus no influence on the
bias error, but influences the variance error

- /
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13.3.2 Another way to shape the bias error - off-line prefiltering
Given a filter L(z) and the data u(t) and y(t) collected from S
Filter u(t) and y(t) with L:

up(t) = L(z)u(t) and yp(t) = L(2)y(t)

Result:

If you use the data up(t) and yr(t) for the identification, the
weighting function shaping the bias error is:

W(w) = @y (w)|L(e)|?

N /

System Identification

4 N

13.4 shaping the variance error G(0*) — G(0n)
Analysis more difficult than in the case S € M

However we can nevertheless cautiously state that
e large @, (w) around w = small variance error around w

e large N — small variance error

146

N /

System Identification

148

[ Proor )

If we use the data ur(t) and yp(t) for the identification, the
corresponding prediction error e (t,0) is

6F(ta 0) = L(Z)G(t, 0)

where €(t, 0) is the prediction error if we would have used u(t)
and y(t)

Consequently,

‘I)EF((""70) = |L(eiw)|2 : ‘I)E(""’,e)

(nd therefore W (w) = ®,,(w)|L(e*)|? j

System Identification

/13.5 Example \

S: y(t) = Go(z)u(t) + e(t)

with Go(z) 4th order with three delay

We have to use a given set of data Z» (N = 5000) for the
identification where u is the sum of a white noise of variance 5
and three high-frequencies sinus of amplitude 10

Objective: Using the given data, identify a good model
G(z,0n) for Go(z) in the frequency range [0 0.7] in the
reduced order model structure:

MIOE(nb=2,nf=2,nk:3)

- /
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4 N

Since Z¥ is given, the only degree of freedom we have is to use
a pre-filter L(z) to shape the bias error

We want a small bias error in the frequency range [0 0.7] =

choose L(z) such that |L(e’*)|?®,(w) is relatively (much)
larger in the frequency range [0 0.7] than in [0.7 7]

—> L(z) Butterworth low pass filter of order 7 and cut-off
frequency 0.7rad/s

We filter © and y collected from S by this L and we obtain
filtered data with which we perform the identification in M

N /

System Identification

that if we do not use a pre-filter L ? \

Go(z) (red) and G(z,0y) (blue) identified with the data in ZV

From ul toyl

System Identification

\=> G(z,0n) is KO J

s

Go(z) (red) and G(z,0x) (blue) identified with the filtered
data

From ul to yl

— G(z,0n) is OK

~

System Identification

-

13.6 What about a Box Jenkins model structure
The weighting function W (w) for the bias error
Go(e7¥) — G(e%,0*) is then

B (w)|L(e)?
W) = H(eiw, 602

the noise model H (e’“, 0*) influences the bias error of the
G-model !!

-
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Part 1V: Nonparametric ldentification (ETFE)I

N

Scd110: part IV

-

Nonparametric identification is generally performed in order
e to have a first idea of G(e’v)

e to determine the frequency band of interest

-

General objective of ETFEI

S: y(t) = Go(z)u(t) +v(t)

We apply an input signal u(t) to S and we collect the
corresponding output for IV time samples:

ZN ={y@®), u(t) | t=0..(N-1)}

Based on these N time-domain data, we want to estimate the
frequency response Go(e?*) (amplitude and phase) of the true
plant transfer function

o J

Sc4110: part IV

Empirical Transfer Function Estimate (ETFE)I

Time-Domain data — Frequency-Domain data via (scaled)
Fourier Transform

N-1

Sc4110: part IV

{y@®) |t=0...(N —1) } — Yn(w) =

-

2

2-

Z u(t) e vt

t=0

N-—-1

> y(t) eIt

/

Sc4110: part IV



Estimate G/(e7*) of Go(e?*)

YN (w)

Cl(ed?®) = |G (ed® ejéé(ej‘") —
(e7) = |G(e™)) T (o)

G(e7) can in theory be computed at each frequency w € [0 7]
for which Un (w) # 0

Scd110: part IV

lllustration

Go (=)

z—3 (0.103 + 0.181z—1)

y() = w(t) + Hoe(t)

1—1.9912—1 4 2.2032—2 — 1.8412—3 4 0.8942—4%

with Hy = 1/den(Go) and e(t) a white noise disturbance of
variance o2 = 0.1

We collect N = 10000 data on this true system subsequently
with two different input signals having the same
Pu = 0.5 = 502

Sc4110: part IV

4 N

N /

4 N

\_ /

~

Practical Aspects

All information contained in { u(t) | t =0...(N — 1) }is
contained in the elements of Un (w) at the % frequencies
wi = %"kz k =0,1,... located in [0 7]

G(e7*) is therefore only computed at those frequencies wy,

Special attention should be given when w(t) is a periodic signal
of fundamental frequency wy

The Fourier transform Up (w) of such a signal is indeed only
significant at the (active) harmonics of wo. G(e*) will

therefore only be computed at those harmonics. j

o

Sc4110: part IV

4 )

Input signal 1: a multisine of fundamental frequency wo = 120—"0 =~ 0.06

(power=0.5)

30

1 .
u(t) = 735 ,;1 sin(kwot)

The ETFE is computed at the 30 harmonics of wg present in
u(t)

- /
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10*

10"

10° £ -

ETFE Modulus
[]

107

- 10" 10

10°

10" |

ETFE Modulus

10°

107

1072 107 10°

the same with the frequency response of Go(e’“) (blue)

We see that the ETFE is a good estimate of Go(e’*) at the

Qarmonics of wq

Above plot: the ETFE at the 30 harmonics of wg; Bottom plot:

Scd110: part IV

a

ETFE Modulus
N
o
g

ETEF Modulus
N
]

Above plot: the ETFE at wg; Bottom plot: the same with the
frequency response of Go(e’“) (blue)

We see that the ETFE is an erratic and poor estimate of

\GO(ejw)

/

Sc4110: part IV

Input signal 2: a white noise of variance 0.5

N _

> 5000 frequencies wy,

The ETFE is computed at all the

o

Sc4110: part IV

-

How can we explain this?

For this purpose, we need to understand the statistical
properties of the ETFE

-

Sc4110: part IV
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Statistical properties of the ETFEI

Due to the stochastic noise v(t) corrupting the data Z7V, the
ETFE G(e*) is a random variable i.e.

the ETFE is different at each experiment

4 N

N /

Sc4110: part IV

4 )

Variance of the ETFE

the variance cov(G(ei)) 2 E|G(e7%) — EG(e7*)|? is given by:

con(G(e)) = E ( [Viv (€32 )

[Un (e7¢)|?

with V (w) defined as Yy (w) and Uy (w)

P, (w)

cov(G(e*)) tends, for increasing values of N, to T(o)

N /

Sc4110: part IV

/Moreover, \

there is no (cor)relation between the estimate at the frequency
wi and the other frequencies i.e. wi_1, wWrt1, ...

At one frequency wy, the estimate G(e“*) is a random variable
(asymptotically) distributed around G (e?“*)

the ETFE will be reliable if the variance of the estimates

G (e7**r) are small for all wy, j

Sc4110: part IV

/Explanation of the results in the illustration \
s 1 30 .
Multisine: u(t) = 755 k=1 sin(kwot)

The ETFE is only computed at the harmonics w;, = k wq
(k = 1...30) of wo.

Property of |[Ux|? at the harmonics wy;:

NAZ 10000
4 120

(IUN(e7)]?) =

Qince the amplitude Ay of each sine is 1/4/30 and N = IOOOOJ

Sc4110: part IV
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What is the variance of the ETFE at the available frequencies
Wi ?

E|Un|? = |Un/|? since u(t) is deterministic

con(G(eior)) = EUVNETIP)  @y(wr) _ 120%y (wi)

|Un (ed@r)[2 ~ |Un(eiwx)|2 ~ 10000

Since |Ux|? is proportional to N and A2, the variance is
roportional to = and >
prop N Az

N

Sc4110: part IV

-

Multisine vs. stochastic signal
ETFE available at more frequencies for stochastic u(t)

For equal power, variance much smaller for multisine u(t)

-

Sc4110: part IV

u(t) white noise of variance 02 = 0.5
The ETFE is computed at % = 5000 frequencies wy,

Since N is large, the variance at the frequencies w;, can be
approximated by:

P, (wr) _ P, (wr) _ P, (wi)
o, (W) o2 0.5

cov(G(e7%)) =~ = 2P, (wg)

Unlike for a multisine u(t), the variance is not proportional to
1 1

A variance only proportional to

Scd110: part IV

4 )

Suppose u(t) is not free to be chosen and is stochastic,

and that the power of u(t) cannot be increased

How can we then get a relatively good estimate? How can we
reduce the variance ?

- /

Sc4110: part IV
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Smoothing of ETFE through the use of windows.

only really relevant when wu(t) is stochastic

Principle: reduction of the variance by averaging over
neighbouring frequency points

Smoothing is motivated by:
e ETFE estimates are independent for different wy’s

e Averaging over a frequency area where Gy is constant
reduces the variance

N

Sc4110: part IV

-

Hamming frequency window for different resolutions
T

40 "

frequency (rad/sec)

W, (w) of Hamming window for v = 10 (solid), v = 20
(dash-dotted) and v = 40 (dashed).

\_

is measure for the width of the window.

Sc4110: part IV

21

23

The averaging can be performed as follows:

[ o
Gom(e7¥) = —F

) /_: W, (€ — w)d§

with G(e*) the unsmoothed ETFE and W, (w) a positive
real-valued frequency-function (window)

A Hamming window is generally chosen for W, (w)

4 )

o J

Sc4110: part IV

4 )

The window is non zero in an interval [—Aw, +Aw] around 0.

The larger ~, the smaller Aw.

[ Wi - )G ae

ésm(ejw) = — ™
/_ W, (€ — w)dg

Gom (e79%) at a particular frequency wy, is obtained by averaging
G(e7) in the interval [w; — Aw, wi + Aw]

- /

Sc4110: part IV
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4 N

e Window introduced bias in an attempt to reduce the
variance (bias/variance trade-off)

e Choice of window dependent on expected smoothness of
Go(eiw)

e Window too narrow: variance too large
Window too wide: possible smoothing of dynamics

N /

Sc4110: part IV

4 )

Besides trial-and-error coupled with physical insights on Go(2),

is there another way to select ~?

Yes....

N /

Sc4110: part IV
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mustration (cont’d): consequence of the use a too wide windoh
~ = 10 on the ETFE of slide 11

10”

10" |

10° f E
107 E
. .

10 10" 10°

Smoothed ETFE Modulus

10*

10"

10°

Smoothed ETFE Modulus

10k

.
107 10" 10°

Above plot: the smoothed ETFE at wj; Bottom plot: the same
Qith the frequency response of G (e7*) (blue) j

Scd110: part IV

/To find this way, note that \

Yn(w)

Un(w)

Yn (W)UK (w)

Un(w)UR (w)
+o0

Z R;\L(T) e IwT

T=—00

+
T=

G(e*) =

> RI(r) e T

— o0

where the last step follows from expressions (3.13) and (3.19) in

{he lecture note. J

Sc4110: part IV
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+oco
H»IN —JjwT
> RY(r)e
G(e?¥) = Tj;j SPA
> RJ(r)emier
with
1 N=1
. — u(t)u(t — 7 or |IT|<N -1
ANy = | W 2 uOut =) forlr]
0 for|t|>N -1
1 N1
N ) =D y®ut—7) for0<T<N-1
Ryu(T) - N t=0

K 0 elsewhere

/

Sc4110: part IV

-

Moreover it can be shown that

—+ oo
Y. wy(T)RY, (1) e7IT

T=—00
“+oco

Y. wy(NRY () e7T

T=—00

ésm(ej“’) =

with w (7) obtained as the inverse Fourier transform of the
frequency window W, (w)

-

\

Sc4110: part IV
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Interpretation

G(e7*) can thus be seen as the ratio LA C))
D, (w)

approximation &,,,,(w) of ®,.,, (w) 2 F(Ryu(7)) and of the
approximation &, (w) of ®,(w) 2 F(Ru(1)).

of the

This seems logical since

®,u() _ Go(eh)®,(w)
P, (w) P, (w)

= Go(ej“’)

The approximations of the spectra are obtained by taking the

Fourier transforms of estimates Ri’\;(T) and RY (1) of the exact

correlation functions.

o

/
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Hamming lag-window w-, ()

12

1fps= =

ogf T
0.6 "7 \
0.4
0.2

ot

-0.2
0

. . . . . .
10 20 30 40 50 60 70

~

typical R?JJ\L(T) (solid) together with the Hamming lag-windows

wio(7) (dotted), wzo(7) (dashed) and wro(7) (dash-dotted).

J

Sc4110: part IV
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4 N

w~ (7) is a window with width v: w,(7) =0, |7| >~

Smoothing corresponds thus to remove from the estimate
&, (w) of @y, (w) the elements of R,L\;(T) for 7 >~

This is relevant since R, (7) — 0 for 7 — oco (Go(z) stable)
and since the accuracy RSL(T) is smaller and smaller for

increasing values of T (R?];L(‘r) computed with less data points)

Method for the selection of «: choose « such that, for 7 > ~,
R,fL(T) are small w.r.t |R5;(O)| and “less reliable”

N /

Sc4110: part IV

\

Let us focus on the first 500 7's

estimated Ryu(t)

L L L L L L L L L
o 50 100 150 200 250 300 350 400 450 500
T

we see that, after = = 100, R?JJ\L(T) increases again which is
much unlikely for R, (7) = we select v = 100

/

Sc4110: part IV
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lllustration (cont’d):

We compute R;’!\L(T) with the data generated by the white
noise of variance 0.5

7000 8000 9000

we see the inaccuracy of the estimate: R%(T) does not tend to

kOfor7'—>oo j

Scd110: part IV
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Obtained smoothed ETFE with v = 100

10”

10" | E

10° E

Smoothed ETFE Modulus

. .
107 10" 10°

10*

10"

10° E!

Smoothed ETFE Modulus

10k E!
. .

10°

Above plot: the smoothed ETFE at w;; Bottom plot: the same

with the frequency response of Go(e’*) (blue) J

Sc4110: part IV
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Final remarks: drawbacks of ETFE'

ETFE gives a discrete estimate of the frequency response of

Go(e’*) and not the rational transfer function Go(z)

For simulation, for modern control design, such a transfer
function is necessary

No information about the noise spectrum ®,(w) while this
information is important for e.g. disturbance rejection

N /
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nlustration (cont’d): Parametric Identification of G (z) with \
the 1000 first samples of the white noise of variance 0.5

10%

10" E!

10° E!

Modulus

10 E
.

10~

10

10" El

Modulus

10 E

107 e
. .

107 107" 10

Above plot: frequency response of the identified model; Bottom plot:

Qe same with the frequency response of Go(e’*) (blue) J

Sc4110: part IV
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— parametric identification (prediction error identification)

e delivers a model of the plant G and information on &, (w)

2.(«) \with PEI)

e higher accuracy (cov(G(e’*,0n) ~ & 32 =3

Scd110: part IV

o J

4 )

the previous figure has to be compared with the non-smoothed
ETFE and the smoothed ETFE

This comparison shows that PEI delivers much better results
even with ten times less data points

Sc4110: part IV
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Part V: practical issues when designing

the identification experiment

N

SC4110: Part V

2 Choice of the sampling frequency ws; = ZT—’S’
u ZOH Ucont | Continuous | Yeont | Sampling y
—™ T. > system > T [

Data for the ETFE with high(est) value of w;

Indeed, the higher wg, the larger the frequency range that is
capured (Shannon theorem)

The ETFE obtained with these data can be represented up to

By inspecting this ETFE, it is then possible to determine the
bandwidth w;, of the system (wp <<

Ws

2

/

SC4110: Part V

1 Preparatory experiments.

e noise measurement on the output

e step response analysis
e area of linearity
e time constants
e static gain

e delay of the system

Possibilities depend on circumstances

o

SC4110: Part V

-

Data for parametric (PEIl) identification with smaller w;

High w; induces numerical problems with parametric
identification

Indeed all poles cluster around z = 1 since the discrete-time

A

state-space matrix Ay = e?cont Ts — T when Ty, — 0

-
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4 N

Typical choice for parametric identification:

10wy < wg < 30wy

with w, as observed in the ETFE

Data with a smaller w; can be obtained
e either by re-collecting data with a smaller wg

e or by decimating the data obtained with high w;
(4anti-aliasing filter)

N /
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/3 Input signals used for system identification.

Finite-power quasi-stationary signals for continuous excitation
e periodic signals (in particular multisines)
e realization of stochastic process ((filtered) white noise or
alike)
Trade-off when designing the excitation signal

e the power P, / ®,(w) should be as high as possible to
increase the accuracy of the identified model

e the amplitude of the time-domain signal should be
bounded/limited in order not to damage the actuators and

in order not to excite the nonlinearities

N /
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/Remark (actual vs. normalized frequencies): \

The model of G identified with data collected with a sampling
frequency w; contains information up to the Nyquist frequency
%> (actual frequency)

Considering now the normalized frequency w = wactuar Ts

We note that the interval [0 <] (actual frequencies)
corresponds to the main interval [0 7] when considering
normalized frequencies. Indeed

W T .
— = — —> normalized w = 7
2 T,

————

actual frequency

o J

SC4110: Part V

4 )

Multisines

u(t) = Ay sin(kwot + ¢)

k=1

®,,(w) made up of Dirac pulses at the frequencies of the sines
in the multisines

the phase shifts ¢ can be optimized in order to reduce the
maximal amplitude of u(t) without any effect on the power
spectrum @, (w)

- /
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Realization of a stochastic process

u(t) = F(2)w(t)

with F'(z) an user-selected filter and w(t) a white noise of
variance o2

The power spectrum is given by:
Py (w) = |F(e’) |0,

Shaping ®,,(w) is very easy, but there is no a-priori bound on
the amplitude of u(¢) !!

N /
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c
(a)
t —

_C I

c N

(b)
t —

—d

(a) Typical RBS with clock period equal to sampling interval

(v =1);
(b) RBS with increased clock period v = 2.

N /
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4 )

Alternative: Random Binary Sequence (RBS)

ut) = e sign (w (int () ) )

with ¢ the amplitude, w(t) a white noise of variance o2 and v
the so-called clock period which is an integer such that 1 < v

The amplitude of the RBS is either +c or —c

The RBS has the maximal power P, = Eu?(t) = c? that can
be attained by a signal u(t) < ¢ Vit

o J
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~

Influence of v on &, (w)

Spectrum %{)u(w) of (P)RBS with basic clock period v =1
(black), v = 3 (green), v = 5 (red), and v = 10 (blue).

J

SC4110: Part V

10

12



4 N

The power spectrum ®,(w) of the RBS is thus shaped via v:

e v=1— &,(w) = c? Vw i.e. the RBS has the flat power
spectrum of a white noise

e For increasing values of v, the power spectrum &, (w) will
be more and more located in low frequencies

less flexibility, but bounded amplitude !!

N /
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4 )

4 Data (pre)processing'

e Anti-aliasing filter
e outliers/spike

e Non-zero mean and drift in disturbances; detrending

N /
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Another alternative: P(seudo)RBS

e binary signal constructed from a deterministic shift register

e otherwise very similar to RBS

o J

SC4110: Part V

5 Remarks on unstable systems.

Unstable systems can not be identified in open loop

Experiments has to be done with a stabilizing controller C' in
closed loop:

&+ 0 o)

t) =
y(t) 11 G.C

70 r
1+ GoC

- /

4 )
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GoC

—7r(t
TrGc Ot

y(t) = %e(t)

Since r(t) is independent of e(t), we can excite the closed-loop
GoC

system via 7(t) and identify a model 7'(z) of T

A model for the unstable G¢(2) is then

_ 1)
C(x)(1—T(2))

G(2)

N /
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